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CHAPTER 7

INTEGRALS

POINTS TO REMEMBER

® Integration is the reverse process of Differentiation.
e Let %F(X)Zf(X) then we write Jf(x)dx:F(x)+c.
® These integrals are called indefinite integrals and c is called constant of

integration.

e From geometrical point of view an indefinite integral is collection of family
of curves each of which is obtained by translating one of the curves
parallel to itself upwards or downwards along y-axis.

STANDARD FORMULAE

n+1

n —+Cc n = -1
1, J‘xdx: P

loglxl +¢ n = -1
n+1
A (ax+—b)+c n = -1
2 |(ax+b)ax =] (n+Ma
) 1Ioglax+b|+c n=-1
a
3. sinx dx = —cos x + C. 4. Icosde:sinx+c.
5. tan x .dx = —log|cos x| + ¢ = log|sec x| + c.
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) . 2
6. cot x dx = log|sin x| + c. 7. Isec x.dx = tanx + c.

¥ 2
8. cosec x.dx = —cotx + c. 9. Isecx.tanx.dx:secx+c.
10. cosec x cot xdx = — cosec x + c.

1. sec x dx = log|sec x + tan x| + c.

12. cosec x dx = log|cosec x — cot x| + c.

X

. a
13. Iexdx=ex+c. 14. Iadx:loga

+C

15. dx = sin_' x + ¢, |x < 1.

o

16. I L 2dx=tan_1x+c.
1+ x

1 -1
17. J—dx:sec X +c x| > 1.
X\/X2—1
18. J.ﬁdX:ilog at+x + C
a —-x 2a a-—-x

- a 2a X + a

2

20. J‘Z;dx = ltan_ i+c.
a + x a a
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21.

22.

23.

24.

25.

26.

)."'\;"\I
L

I ! dx = sin”" X, c.

[2 2
a - x a

I 21 2dx:log‘x+\/,512+x2‘+c.
va + x

1 [ 2 2
J. dx:log‘x+ x—a‘+c.
\/X2—62

2
[2 2 X [ 2 2 a . 1x
a —-xdx=—Va -x +—sin —+ec.
2

2 a

2
[ 2 2 X [2 2 a [ 2 2
I a +xdx =—a +x +—Iog‘x+ a +x‘+c.
2

2

2
j\/Xz —a2dx = %\/X2 —32 —a?Iog‘x+\/x2 —az‘ + C.

RULES OF INTEGRATION

Ik.f(x)dx = kff(x)dx.
Ik{f(x)i g(x)}dx = kjf(x)dx ikfg(x)dx.
INTEGRATION BY SUBSTITUTION

J. Fx) dx = logl|f (x)| + c.
f(x)

n+1
I[f(x)]n f(x)dx = Lf ()] +c

n+1
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. -n+1
3. J. F(x) ax = (7 (x)) + C.
[f(x)]n -n + 1

INTEGRATION BY PARTS
If(x). g (x)dx = f(x).“g(x)dx}—J.f’(x).“g(x)dx}dx.

DEFINITE INTEGRALS

b
If(x)dx _ F(b) - F(a), where F(x) = jf(x)dx.

a

DEFINITE INTEGRAL AS A LIMIT OF SUMS.

b [f(a)+f(a+h)+f(a+2h) }

f(x)dx = lim h .
h—0 T +fla+n—-1h)

a

b n
b-a .
where h = . or Jf(x)dx: lim hE f(a+rh
h h—0 1 ( )
R -

PROPERTIES OF DEFINITE INTEGRAL

b a b b
1. If(x)dx:—jf(x)dx. 2. If(x)dx:jf(t)dt.
a b a a

3. jzf(x)dx = Tf(x)dx +Jqf(x)dx.

b b a a
4. (i) If(x)dx = Jf(a+b—x)dx. (ii) J.f(x)dx = Jf(a—x)dx.
a a 0 0
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a
5. I f(x) = 0; if f(x)is odd function.

—a

a
6. jf(x)dx =2j:f(x)dx, if fx) is even function.

—-a

2‘" of f(x)dx, if F(2a-x)=F(x)
. J‘ f(X)dX _ _([ x)dx, i a-x)=f(x
' 0 0, if f(2a—x)=-f(x)

VERY SHORT ANSWER TYPE QUESTIONS (1 MARK)

Evaluate the following integrals

]
1. J‘(sin‘1 Jx +cos ™' Jx)dx. 2. Ie‘x‘dx.

-1

1 « 8 8 X]
3. —dXx. 4. (8 +X° +—+—|dx.
I1—sin2x X I x 8
1 1
5. jxggcos“xdx. 6. J’ dx
e xlog xlog(logx)
/2 4+ 3sinx
| (—)d . alog x xloga
A e 8. [(e™9% 1+ e¥°9%)qx,
cos2x +2sin® x /2
9. I( . ]dx. 10. _[sin7xdx.
cos? x i
T2
c, X d
1. [(x°+c*)ax. 12, —|[f(xax].
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13.

15.

17.

19.

21.

23.

25.

27.

29.

31.

33.

34.

]
rwwenelcd
SIn~ X COS™ X

X
[e % ax.

I 2*e*dx.

ax.

J‘ X

(x +1°

I cos? a dx.

Isec x.log(sec x + tan x) dx.

Icotx.log sinx dx.

1
[
x(2+3logx)

j1_COSXdX.

sinx

j (X; ) (x +log x)dx.

T
IO |cos x|dx.

DNO

14.

16.

18.

20.

22.

24.

26.

28.

30.

32.

1 ax
xcoso +1

1
L N
coso + XSsina

1-sinx
[I=SInX g
X +COS X

2
IO [x]dx where [ ] is greatest integer function.
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35. IO [xz]dx where [ ] is greatest integer function.

1 |x]

37. |, ax.

b f(x)
36. X.
L f(x)+fa+b-x)
;
38. j_1xlxldx.
39. 1f ["— =" then what is value of
) 0 1. 42 ~ 4 then what is value of a

40. j:f(x)dx+j:f(x)dx.

41.

SHORT ANSWER TYPE QUESTIONS (4 MARKS)

(xi)

F X cosec (tan_1x2)

4
¢ 1+ x

) 1

ax.

.2 4
sin” x cos x dx.

sin x cos x

J sin(x — a)sin(x - b)

ax.

COS X COS 2x cos 3x dx.

.[\/2.2 2 2
a sin” x + b-cos” x

. 6 6
J'Sln X + COS X

.2 2
SiIn X COS X

ax.

ax.

(ii)

(iv)

(vi)

]

(vii)

(x)
j \/0033 xcos(x + a)

(i) J

Ix +1-Jx -1
Vx + 1+ Ux -1

ax.

cos(x + a) dx.

cos(x — a)

5
cos™ x dx.

3 4
cot™ x cosec’ x dx.

1

sin X + cos x

ax.

ax.
vJsin 2x
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42. Evaluate :

(i)

*(ii)

(iii)

X
_’A#dx'
X +x +1

1

ax.
JAX[G(Iogx)z + 7log x + 2}
J.Lz (iv)
1+ x-x
j L dx. (vi)
J(x —a)(x - b)
(X2 4 (viii)
Y 3x" +2x +1
[ x+2 ax. (x)

* \/4x—x2
.(Sx—z)\lxz + X + 1 dx.

(xii)

43. Evaluate :

(i)

(ii)

(iii)

dx
Ix(7 )

x +1

sin x
J‘ ax.
(1+ cos x)(2 + 3cos x)

de.

J‘ sin® cos 0
00526 - cos0O -2

[
9+8x—x2

J‘ Isin(x — o) dx.
sin(x + a)

. X2
Z—dx.
Y X +6x +12

xXN1+ x — x2dx.

Jsec x + 1 dx.
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. x -1
ax.
W J.(x T Dx—2)(x+3)
x2+x+2 (x2 1)(x2+2
i ax.
V) j(X -2)(x-1) V) J‘(x?’ + )(x2 + ) )
. ax dx
Vi) J.(2)( ) (x2 5 a) Vil I sinx(1 - 2cos x)
. sin x x? -1
ax. ———dx.
™ J.sin 4x * % J‘x4 X2 )
2
(xi) j\/tanx ax. (xii) J. X4 +9 ax.
x + 81
44, Evaluate :
i [ x° sin x%dx. i) [ sec® x dx.
(iii) [ cos (bx + ¢) dx. (iv) sin”’ 6x 5 ax.
* 1+ 9x
(v) [ cos v x dx. (vi) [ X° tan”' x dx.
wiy [ &> [—1 + sin 2"] dx. wiiy [ & [X _21] dx
1+ cos2x 2x
. 2
ix) | v2ax - xdx. (x) x4 1) dx.
J (x +1)?
(i) [ X (2 + sin2x) dx
(1+ cos2x)
.. ¥ 1
(xii) | {Iog (log x) + (109 x)2 } ax.
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(xiii) [ (6x + 5)V6 + x — x%ax.

(xiv) ..(x -2) ii i

ax.

(xv) .(2x ~5)\x® — 4x + 3 dx.
(xvi) .\/XZ - 4x + 8 dx.

45. Evaluate the following definite integrals :

sin X + cos x

=)

N
O'—.h\?—l
O = |3

: ax. (ii) cos 2x log sin x dx.
9 +16sin2x
| S PR e sin”' x
(i) J' —X_dx. (iv) I S ax.
14 x (1- x?)
0 0 X
2 . 2 >
2
W) I SNEC ax, (i) J' SX ux.
0sin X + cos X X +4x + 3

(vii) X+ SInX

1+ cos x

O = |3

46. Evaluate :

3
() I{Ix — 1+ Ix -2+ Ix - 3l}dx. (i)
1

——dx.
1+ sinx

O 3
x
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: :
(ii) I log (1 + tan x) dx. (V) I log sin x dx.
0 0
v) J‘ X sin x dx.

2
01+cos X

2x—x3 when -2 < x < 1

2
(vi) J.f(x)dxwheref(x): x> -3x+2 when—-1< x <1
2 3x -2 when 1< x< 2.

X sin x cos x

(vii) ax.

. 4 4
SIn X + COS X

O'—DI\J‘:‘

T
iy [ o
Oa cos” x + b” sin” x
47. Evaluate the following integrals
W3 dx b 2x
(i) J‘ _o&x (i) Isin [ 2] dx.
/6 1+ +/tan x 5 1+ x
1+ sinx . f e
(iii) Ilog ax. (iv) I o5 X o5 x ax
1-sinx 5 e +e

T a
X tan x . a-—-x
J- ax. (iv) J , ax.
Sec X cosec x a-+ X
—-a

0
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48. I[Zx]dx where [ ] is greatest integer function.
0

49. J‘elogxﬂogsinxdx. 50. J‘elog(x+1)—logxdx
sinx . .
51. -[sin2x 52. Ismxstx ax.
/4 b a
53. j |sin x| dx. 54. If(x)dx +jf(a+b—x) ax.
T a b
4
1 sin® x
55. [—————dx. 56. [———ax.
secx +tanx 1+cosx
1-tanx a* +b*
ax. ax.
57. I1+tanx 58. I cX
59. Evaluate
i1 -1
(i) JAS!n1\/; COS1&dX,X€[O, 1]
sin” <X + cos~ \/;

(ii) j /1;{; dx

J‘ Jx2 + 1[log(x% + 1) - 2log x |

ax

X4

2
W) | X
(x sin x + cos x)

. 1 X . sin X + cos x
\Y; sin ax Vi —adx
) -[ a+ x v J/sin 2x

ola ——wl|a
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(sin|x| — cos|x]) dx

(Vi)

—N |3

N|a

2
(viii) I[Xz]dx, where [x] is greatest integer function
1

|x sin nx| dx.

(ix)

Ll

LONG ANSWER TYPE QUESTIONS (6 MARKS)

60. Evaluate the following integrals :

5

X +4
i ax.
() IXS_X x
2x3
d
(0 J‘(x+1)(x—3)2 *

v) | (Vtanx + ot x ) dx.

o'—.m‘;‘

0

-1

(vii) J' xtan X gy.
2
0 (1 + X )

61. Evaluate the following integrals as limit of sums :

4
(i) J.(Zx + 1) dx.

2

2
(i) I(xz + 3)dx.
0

73
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(i) I(sz _2x + 4)dx.
1

5
(v) I(XZ + 3x)dx.

2

)."'\;"\I
L

(3x% + 6 ) dx.

(iv)

O =y

62. Evaluate
;
() _[cot’1 (1- x + x2)dx
0
ax
i) = :
(sinx — 2 cos x) (2sinx + cos x)
1 x
log(1+ x) 2
(i) £—1 2 (iv) j(z log sin x — log sin 2x ) dx.
0
1 (3sin6—2)cos6
- do.
6s. J‘sinx+sin2x dx. 64. J.5—00329—4sin6
65. Isecsx dx. 66. Iezx cos3x dx.
ANSWERS
1. Exsoc 2. 2e-2
2
. +X—9+8Io |x|+X—2+c
3. tan x + c. 4, log8 ' 9 g 16 ¢

6. log|log (log x) | + ¢

Xll — Maths

74



11.

13.

15.

17.

19.

21.

23.

25.

27.

29.

tan x + ¢

1
XC+ X

+
c+1 logc

+cC
tan x — cot x + ¢

log |x] + ¢

2% e*
~— _+c
log(2e)

1
loglx + 11+ —+c.
X+1

X cos? o + C

2
(loglsec x + tan x|) e

2

(logsinx)?
2

%Iog|2+ 3logx|+c.

2 log |sec x/2| + c.

DNO

10.

12.

14.

16.

18.

20.

22.

24.

26.

28.

30.

Xa+1 X
+ +C
a+1 loga
0
fix) + c

2 o2 —E(x—1)3/2 +c
3 3

(zjx/og(e/a) +c
12

%(x+1)3/2 ~2(x+1)"" +c.

Ze& +cC

log | xcosa +1|
— e
cosa

log |cosa + xsina| e

sino
X—4+L—%+3|Io x+c
4 2x* 2 g '

log |x + cos x| ¢

1
—l e X .
. og|x +e*l+c

75
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(x +logx )’ x® loglax|
31. 32. a—_—+ -
2 2 a

33. 0 34. 1

35. (J2-1) 36. %

37. -1 38. 0

39. 1 40. O

. 1 | ( - 2) 1
41. (i) > og| cosecltan  x 3z +cC.

(il %(x2 — xVx? —1)+%Iog e Vx —lve.

1
sin(a - b)

sin(x — a)
sin(x - b)

+ C

(iv) x cos 2a — sin 2a log |sec (x — a)| + c.

) i[12)( + 65sin2x + 3sin4x + 2sin6x] + c.
48

(vi) sin x 2sinsx+‘|sin5x+c
Vi - - .
3 5

(vii) l|:2X + 1sin 2x — 1sin 4x — lsin GX} + cC.
32 2 2 6

(cote x cot’ x\
(VIII) —k . + 4 J + C.
1

. + C.
() (a2 — bz)\/a2 sin2 X + b2 cos2 X

[Hint : put & sin® x + b? cos? x = {
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(x) -2 cosec a|cosa - tanx.sina + c.
[Hint. : Take sec? x as numerator]

(xi) tan x —cot x - 3x + c.

(xii) sin~! (sin x — cos x) + c.

1 4l2x® 4 1)

42, (i) —tan +C. [Hint : put x° = f]
N e
2logx + 1
iy log—————|+C it . _
(i) g 3log x + 2 [Hint : put log x = {]

1

(i) =09 Voote2d

J5 +1-2x

(v) sin' [X ; 4] + e

v) 2loglVx —a++x -bl+c

(vi)

COs X

. . \/.2 .2
]—sma.log‘smx+ sin” x — sin a‘+c

{Hint . [sin(x —a) __sin(x - a) }
Vsin(x +a)  sin®x - sin’a

S 2 (=11),  -1(3x+1
i —Iog|3x +2x+1|+ tan [ ] +C
M) g 32 V2

. -1
—COosS a sIn [
Cos a

(viii)  x — 3Iog|x2 + 6x + 12| + 2J3tan [X}SJ +c
3

(ix) —Vax - X + 4sin” [X — 2] +c

2
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3
() _—1(1+ X — x2)2 +%(2x DV x - XP

3

[x+1)\/x2+x+1
2
x+1+\/x2+x+1

2

3

(xi) (X2+X+1)2— +c

\CIIIEN|

3
+ —log
8

+ C

1 \/ 2
cos X + — + \Vcos~ X + cos X
2

(xiiy —log

[Hint : Multiply and divide by +/sec x + 1]

7
X

7
x +1

43. (i) 1 log +c

7

1+ cos x
log|—| + ¢

2 + 3cos x
-2 1
(iii) ?Ioglcose - 2| - glog|1 + cos 0| + c.

(iv) iIoglx + 3 +ilog|x - 2| —llx +1+c
10 15 6

2
(v) x+4|ogu+c

x -1
(vi) x+ %tan_1 [%} ~3tan’ [gj +C

[Hint : put x° = {]

(vii) 3Iog|2x +1 - iIog|x2 v 4l T X L ¢
17 17 34 2
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(viii) —1Iog|1 — cos X| —llog|1+ cos x| +Elog|1—2003x| +c
2 6 3

[Hint : Multiply N" and D' by sin x and put cos x = {]

(ix) —_1log1+sinx N 1 Iog1+x/§sinx L e
8 1-sinx 4\/5 1—\/§sinx
2
()() l|ogX2_—X+1
2 X"+ x +1

tan x — v2tan x + 1 L

(xi) 1 tan” [tan X - 1) 1 log

+
J2 J2tanx/ 242 tan x + v2tan x + 1
. 1 -1 (Xz - 9\
(xii) ——=tan +c
32 L 32 J
44, (1) l[—xs cos x° + sin xs] +C
3

(ii) l[secxtanx + loglsec x + tanx|] + ¢
2

[Hint : Write sec3x = sec x . sec® x and take sec x as first function]

ax

(iil) %[a cos (bx + ¢) + bsin(bx + ¢)] + ¢
a +»b

(iv) 2x tan ' 3x — lIog |1 + 9x2| +c [Hint : put 3x = tan 0]
3

(v) 2[x/;sin\/;+cos&]+c
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(vii) 1 62X tanx + ¢ (vii) e
Vii - . viii — + C.
2 2x

2
(ix) X~ 2 Joax - x? —a—sin_1[x_aj +c

2 2

(x) ex[x_1j + C.

X +1

(xi) e‘tan x + c.

(xii)  xlog|log x| — + c.[Hint : put log x = t = x = €]

log x

i) 2064 x - x2)°

+8{2X_1\/6+x—x2 +§sin_1(zx_1n+c

4 8 5

(xiv) %(X +2)VxE - —glog‘x NS —9‘ +c

(xv) E(X2 —4X+3)% —[ngjxlxz —4x + 3

3

+;Iog‘x—2+\/x2—4x+3‘+c

o) [Fo 2V~ ax 8 4 2100l - 2) 4 e - ax sl 4o
2

1
45. () 5093 (il —%
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(iii)

(vii)

(vii)

47. ()

(iii)

L

Hint:put =1 (v) =- lIog 2.
4 2

A |a
N =

N A

5—10Iog1—5+§log[§].
8 2 5

/2. {Hint : [ X ;X jdx}
1+cosx 1+ cosx
8 (i) =
EIog 2. (iv) _—nlog 2.
8
1 2
— T .
4
95/12.
2 -1 1 2
{Hint : I f(x)dx = I f(x)dx + If(x)dx + J‘f(x)dx}
-2 -2 -1 1
2
T
16
> a a
o Hint:UseIf(x)zjf(a—x)
2ab 0 0
T Y
—. iy — —log2.
12 W5
0. (iv) m/2.
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48l
T2

49, —xcos X + sin x + c¢.

50. x +log x + c.

51. %Iog Isecx + tanx|+c.

52. _l(sme —sinx]
2

53. 2_.2

54, 0

55. log |1 +sin x| + ¢
56. x-sinx+c

57. log |cos x + sin x| + ¢

@oy , (blo)

>8 log(a/c) log(b/c)

©

- X+C

59. (i) 2(2x =) g1 g 2VX =X X8
T

T

(i) 21— x +cos”'Jx +Vx - x% +¢

i -2(1s )" oo 1+1) 2] e
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(iv)

(vi)
(vii)

(vii)

(ix)

60.

DNO

sin X — x cos x
+cC

X sin x + cos x

(x + a)tan™ %— ax + ¢
osint Y3 1

0

2 -J3+5

.1

s 7[2

x — 4loglx]| +§Iog|x —1 +§Iog|x + 1|
4 4

1 x -1 LI X" -

X + —log - —tan x + log 2 + C.

2 x+1 2 x +1
lIog|x —1 —llog‘x2 + 4‘ - an [ij +C.
5 10 10 2
2x—1log|x +1 +ﬂlog|x - 3| 2 e

8 8 2(x - 3)

+Iog|x2 + 1| - %tan_1 X + C.

2

1 x—2‘ 1(xj
X + —log —tan | —| +c.
2 X+ 2 2
/2.
(x* -1) > _ \2x
Ltan71x_1— 1 Iogx— 2x+1+C
242 Vox a2 TP 1 2x 41

83
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(vii) /8.
26
61. @iy 14. (i) ?
(iii) 26.
(iv) %(127 + e8)
141
v

T

62. M 5~ log 2

. —llo tan x — x
(ii) 5 g

—|+cC
2tan x + 1

(iii) glog 2.

(iv) glog (%j .

63. %Iogh —cos x|+ %Iog(1 +COS X) —%Iogh +2cos x| +c.

64. 3log|(2-sind)|+ +c.

2-sin®
1 1
65. Esecx +tanx + Eloglsecx +tanx|+ec.

2x

66. es (2cos3x +3sin3x)+c.
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