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CHAPTER 11

THREE DIMENSIONAL GEOMETRY

POINTS TO REMEMBER

e Distance between points P(x,, y,, z,) and Q(x,, ¥,, Z,) is

PQ| = \/(Xz =x1)% 4 (vo - 1)+ (22 - 29)°

° (i) The coordinates of point R which divides line segment PQ where
P(x,, ¥y, z,) and Q(X,, ¥,, Z,) in the ratio m : n internally are

(MX, + NXy My, +nyy Mz, + nNZy)
m+n ' m+n ' m+n

(i) The co-ordinates of a point which divides join of (x,, y;, z,) and
(X5, Yo, Zo) in the ratio of m : n externally are

(Mx, —nNxqy my, —ny, mz, —nzy)

m-n '’ m-n m-n

e Direction ratios of a line through (x,, y,, z,) and (x,, y,, z,) are x, — x,,
Vo= Vi 4= 4

e Direction cosines of a line whose direction ratios are a, b, ¢ are given by

a b c
| =+ ,m=+ ,n == .
\/aerb2+c2 \/a2+b2+02 \/az+b2+02
° (i) Vector equation of a line through point ‘a and parallel to vector

b is r=a+xb.

(i) Cartesian equation of a line through point (x,, y,, z,) and having
direction ratios proportional to a, b, c is
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X=Xy _Y=-V1_Z2-24

a b c

(i) Vector equation of line through two points

‘a and Fi37=?+x(7_3).

(i) Cartesian equation of a line through two points (x,, y,, z,) and

X=Xy YoV 2724
(X Vo 2) 1 Xo =Xy  Yo—VY1 Zp-—2Zy
Angle ‘©’ between lines T = ?1+XE and r = E+NE is given
by cos 0 = 21" P2
by[ by
Angle 0 between lines X X1 _ Yt V1 _ 2= 24 gpg X = X2 _
a, b Cq a,
Y+VYo 2Z2-2p
b, ¢, is given by

a8, + bb, + c4C»

cos 0 = .
2 2 2 [ 2 2 2
\/a1 + by +c1\/a2 + by +Cy

Two lines are perpendicular to each other if
by b, =0 oraa, + bb, + ¢c,c, = 0.
Equation of plane :

() At a distance of p unit from origin and perpendicular to pn is

r.n= p and corresponding Cartesian form is ik + my+ nz=p
when [, m and n are d.c.s of normal to plane.

(i) Passing through ‘a andnormalto n is (T - Z).W =0 and
corresponding Cartesian form is a(x — x;) + b (y — y,;) +
c(z - z) = 0 where a, b, ¢ are d.r’s of normal to plane and
(X4, ¥4, Z,) lies on the plane.

(i) Passing through three non collinear points is

(F-a) [(F-a)x(c-a)]=o0
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(ii)

(iif)

(iv)

(ii)

12. ()

L

X=Xy Y-Y1 Z-24
or [Xo =Xy Yo—Yy1 Z2-24=0
X3 =Xy Y3z —=V1 23~ 24
Having intercepts a8, b and ¢ on co-ordinate axis is
z
bt
Planes passing through the line of intersection of planes

r-ny=dyand r - n, =d, is
(r-ni—dy)+2(r-ny-d;) =0

Angle ‘0’ between planes r - n, =dyand r - n, = d, is
: ny- ng
given by cos0 = —- 2
|||
Angle 6 between a,x + b,y + ¢,z = d, and a,x + b,y + ¢,z = d,
is given by

a44, + bbb, + c4C5
\/312+b12 +C12\/a§+b§+c§
Two planes are perpendicular to each other iff n—1' n, =0 or
a,a, + byb, + c,c, = 0.

cos 0 =

Two planes are parallel iff n, = xn, forsome scaler

a b c
Az0o0r 1 =1 ="1
as b, Co

Distance of a point (?) from plane (T- n = d) is
|a - 'n - d

[l
Distance of a point (x,, y;, z,) from plane ax + by + cz = d is
lax + byy + cz4 - d

G B
Two lines r = a;+Abyand r = a, + pb, are coplanar.

tt (a, - a;)- (by; x b,) =0 and equation of plane,

containing these lines is (7 - ?1) : (71 x b—z) = 0.
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X1 _ Y oY1 2724 g

X
(i) Two lines a, b, o
X=—Xo Y=-VYo Z-2
a, b, ¢, are coplanar Iff
Xop = X4 Yo —Y1 22— 24
a, b, Cq =0
ap b, Co

and equation of plane containing them is
X=X4 Y=V1 Z-24

a, b cy |=0

a, b, C,

a +0b andplane r - n =d

() The angle 6 between line r =

is given as SN0 = ﬁ

/

—_— )
b |&
0

X=-X4 _Y—-V1_Z2-24
and plane

(i) The angle 6 between line a, by c

a,x + by +c, z=d is given as
aa, + bbb, + ¢4,
=

sin® =
2 2 2 [ 2 2
\/a1 + by +c1\/a2+b2 +C5

(i) A line r = a +Xb is parallel to plane r . n =d
& b - n =0 oraa,+bb,+c,c,=0.

r=a+\Ab

—_—
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11.
12.
13.

14.

15.
16.

P Y
L /'

VERY SHORT ANSWER TYPE QUESTIONS (1 MARK)

What is the distance of point (a, b, ¢) from x-axis?
What is the angle between the lines 2x =3y =—-zand 6x=—-y = — 427

Write the equation of a line passing through (2, —3, 5) and parallel to line
x-1 y-2 z+1

3 4 T
Write the equation of a line through (1, 2, 3) and perpendicular to

ro(i-j+k) =5

x-1 y-3 z-1

5 5 o and

What is the value of A for which the lines

X -2 y +1 z .
3 ~ 5 " ae perpendicular to each other.

If a line makes angle a, B, and y with co-ordinate axes, then what is the
value of

sin® o + sin? B + sin?y ?
Write line r* = (7 - j) + 1 (2] - k) into Cartesian form.

If the direction ratios of a line are 1, -2, 2 then what are the direction
cosines of the line?

Find the angle between the planes 2x — 3y + 6z = 9 and xy — plane.

Write equation of a line passing through (0, 1, 2) and equally inclined to
co-ordinate axes.

What is the perpendicular distance of plane 2x — y + 3z = 10 from origin?
What is the y-intercept of the plane x — 5y + 7z = 10?

What is the distance between the planes 2x + 2y — z + 2 = 0 and
4x + 4y — 2z + 5 = 0.

What is the equation of the plane which cuts off equal intercepts of unit
length on the coordinate axes.

Are the planes x + y—2z+ 4 =0 and 3x + 3y — 6z + 5 = 0 intersecting?

What is the equation of the plane through the point (1, 4, — 2) and parallel
to the plane — 2x + y — 3z = 77
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17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

P Y
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Write the vector equation of the plane which is at a distance of 8 units
from the origin and is normal to the vector (27 + ] + ZIA().

What is equation of the plane if the foot of perpendicular from origin to
this plane is (2, 3, 4)?

—

Find the angles between the planes r -(7 _ 2] _ 2/}) =1 and

—

r-(si —6j+2k) =0

x+1 2y -1 2-
3 4 -4

z and the

What is the angle between the line

plane 2x + y — 2z + 4 = 0?7

If O is origin OP = 3 with direction ratios proportional to —1, 2, — 2 then
what are the coordinates of P?

~

What is the distance between the line 7 = 2i — 2j + 8k + A (7 + j + 4k)
from the plane 1 .(-i + 5] — k) + 5 = 0.

Write the line 2x = 3y = 4z in vector form.

SHORT ANSWER TYPE QUESTIONS (4 MARKS)

The line & ; === _22 lies exactly in the plane

2x — 4y + z = 7. Find the value of k.

Find the equation of a plane containing the points (0, -1, —1), (-4, 4, 4)
and (4, 5, 1). Also show that (3, 9, 4) lies on that plane.

Find the equation of the plane which is perpendicular to the plane

r- (5} + 3]+ 6/?) + 8 = 0 & which is containing the line of intersection

of the planes 7-(}+2}+3/2):4 and 7-(2?+]_E)+5:0.

If 1,, m, n,, and I,, m,, n, are direction cosines of two mutually
perpendicular lines, show that the direction cosines of line perpendicular
to both of them are

m,n, — nmy,, Ny, — Ln,, I,m, — myl,.
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28.

29.

30.

31.
32.

33.

34.

35.

36.

37.

38.

39.

40.

P Y
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Find vector and Cartesian equation of a line passing through a point with
position vectors 27 + ] + k and which is parallel to the line joining the
points with position vectors —j + 4]’ +k and 7+ 2]‘ + 2k.

Find the equation of the plane passing through the point (3, 4, 2) and
(7, 0, 6) and is perpendicular to the plane 2x — 5y = 15.

Find equation of plane through line of intersection of planes

r '(2?+6]‘)+12 =0 and 7-(37_]‘+4R): 0 which is at a unit
distance from origin.

Find the image of the point (3, =2, 1) in the plane 3x — y + 4z = 2.

Find the equation of a line passing through (2, 0, 5) and which is parallel
toline6x—-2=3y+1=2z-2.

Find image (reflection) of the point (7, 4, — 3) in the line
x y-1 z-2

1 2 3

Find equations of a plane passing through the points (2, -1, 0) and
(3, -4, 5) and parallel to the line 2x = 3y = 4z.

Find distance of the point (— 1, — 5, — 10) from the point of intersection
-2 y+1 z-2
3 4 12

Find equation of the plane passing through the points (2, 3, — 4) and
(1, =1, 3) and parallel to the x—axis.

of line X and the plane x — y + z = 5.

Find the distance of the point (1 3) from the plane x — y + z = 5,

) _2!
measured parallel to the line X_Y._ i.
2 3 -6

Find the equation of the plane passing through the intersection of two
plane 3x — 4y + 5z = 10, 2x + 2y — 3z = 4 and parallel to the line
X =2y =3z

Find the distance between the planes 2x + 3y — 4z + 5 = 0 and
7’.(47+ 6] — 87() — 11,

Find the equations of the planes parallel to the plane x — 2y + 2z—-3 =0
whose perpendicular distance from the point (1, 2, 3) is 1 unit.
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41.

42.

43.

44.

45.

46.

47.

48.
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x+1 y+3 z+5
3 5 7
x—2_y—4_z—6

1 3 S
intersection.

Show that the lines and

intersect each other. Find the point of

Find the shortest distance between the lines

=1 +2j+3k+ MN2i+ 3]+ 4k) and

~|

ro= (2?+4)'+5/?)+7»(3f+4]'+5f()-

X+ 2

Find the distance of the point (-2, 3, —4) from the line 3

2y +3 3z+4
4 5

measured parallel to the plane 4x + 12y — 3z + 1 =0.

Find the equation of plane passing through the point (-1, -1, 2) and
perpendicular to each of the plane

r(2i+8j-38k)=2and r -(5/ - 4] + k) = 6.
Find the equation of a plane passing through (-1, 3, 2) and parallel to

h of the li X _y_z dx+2_y—1_z+1
each o elne1—2—3an 3 - 5 T~ 5 -

Show that the plane r - (} —3j+ 5/}) = 7 contains the line

ro=(i+3j+8k)+ (30 +])

LONG ANSWER TYPE QUESTIONS (6 MARKS)

Check the coplanarity of lines
2 :(—3f+]'+512)+7»(—37+)’+51?)
T o= (—7+2]’+5!§)+y(—7+2)’+5!§)
If they are coplanar, find equation of the plane containing the lines.

Find shortest distance between the lines :
x—8:y+19:z—10 and x—15:y—29 z-5
3 -16 7 3 8 -5
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49. Find shortest distance between the lines :

T =(-)i+ G —2)]+(3-20)k
To=(p+1)i+(2u-1)j+(2u+ 1)k

50. 2 variabk phne is ata constantdistance 3p from the origin and meets
the coordinate axes in A, B and C. If the centroid of AABC is (a, B, 7), then
show that a2 + 2 + y2 = p2

51. A vector n of magnitude 8 units is inclined to x—axis at 45°, y axis at
60° and an acute angle with z-axis. If a plane passes through a point
(«/5,—1,1) and is normal to 7, find its equation in vector form.

52. Find the foot of perpendicular from the point 2i - ] + 5k on the line
T = (11 - 2j - 8k) +2(10i — 4] — 11k). Also find the length of the
perpendicular.

53. A line makes angles a, B, A, & with the four diagonals of a cube. Prove
that

2 2 2 2
COS o +COS B +COS y +COS & =3

54. Find the equation of the plane passing through the intersection of planes
2x+3y—z=-1and x+ y— 2z + 3 = 0 and perpendicular to the plane
3x — y — 2z = 4. Also find the inclination of this plane with xy-plane.

ANSWERS
1. b 4+ 2 2. 90°
3 XxX-2 y+3 z-5
' 3 4 a7
4. r = (?+2}'+3/?)+x(?—)'+3/2)
5, Ar=2 6. 2
x-1 y+1 2z L2 2
= = — T+ 7=, T =
7o 2 T & BT
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10.

11.

13.

15.

17.

19.

21.

23.
24.

26.

28.

29.

30.

31.

33.

35.

L

cos™' (6/7).

x _y-1_z-2 B

2= a2 - ,aeR-{0}

19 12 2

Jia - T

1 14 =1

6 X+ Y+ z=

No 16. —2x+ y—3z=38

7-(2?+]'+2l?)=24 18. 2x+ 3y +4z=29

111 . .

cos \51) 20. O (line is parallel to plane)
10

-1, 2, -2) 22. m

T = 0 + (6 + 4] + 3k)

k=7 25. 5x-7y+11z+ 4 =0.

r - (-51i — 15] + 50k ) = 173

F (2 jek)ea(2io2j k) ang X222

X—2y+3z=1

r(8i+4j+8k)+12=00r r -(-4i + 8] - 8k)+12 = 0

©, -1, -3) 32, =

(47 18 43)
\7° " 77

13 36. 7y+4z=5

34. 29x — 27y — 22z = 85
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37. 1 38. x—20y +27z=14

21 .
39, ——units.

229

40. x—-2y+2z=00rx—-2y+2z=6

[l _1 _Ej 1
17 e
43. & 44. 7 (97 +17] + 28k) = 20

45. 2x-7y+4z+15=0

16
47. x—-2y+z=0 48. =
8 . A
49. g 51, 7 . (V2i+j+k)=2

52. |+ 2j+ 3k, V14

54. 7x +13y + 4z = 9, 0031[

)
For nore I nportant questions visit
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